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Abstract

The stability of Machian cosmological models to an infinitesimal per-
turbation of radius is discussed for the dust model in the Brans-Dicke
theory, the perfect fluid model with extended (negative) pressure in the
Brans-Dicke theory, and the barotropic evolution of matter with the
variable coupling function w(¢) in the generalized scalar-tensor theory
of gravitation. Permissible ranges of the coupling constant w for the
stability of individual cases are derived and the unknown parameter wy
of the proposed coupling function is shown to be 3. The unstability of
Machian cosmological models means a violation of Machian constraints
like a(t)¢(t) = const.
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Recently we derived a series of cosmological models in the Brans-Dicke
theory [1] of gravitation and in the generalized scalar-tensor theory of gravita-
tion [2]-[4] in the framework of the Machian point of view, with pressure in the
extended range (negative pressure) and an additional varying cosmological con-
stant [5]-[10]. Furthermore, by introducing a scalar field ¢ as dark-energy, we
discussed the scenario of the barotropic evolution of matter and our universe
[5], [11]). We could understand the mechanism why the measured coupling
parameter w of the Brans-Dicke theory of gravitation is so large at present
[12], due to the time-variation of the coupling function w(¢) in this Machian
model. We also indicated that this cosmological model shows the slowly accel-
erating expansion of the universe suggested by the recent measurements [13]
of distances to type Ia supernovae.

The basic feature of these cosmological models is that the Brans-Dicke
scalar field has the asymptotic form ¢ = O{p/w). Therefore, when matter
of the universe vanishes, the gravitational constant loses its meaning, that is,
empty space does not have inertia. Similarly, if the coupling constant of the
scalar field continuously diverges to infinity, then the coupling between the
scalar field and matter of the universe is cut off and a particle in the universe
loses inertia. It is believed that the field equations of the Brans-Dicke theory
coincide with those of the Einstein theory with the same energy-momentum
tensor when the coupling constant w goes to infinity, but this is generally not
true [5], [6]. It is only the case in which the scalar field has the asymptotic form
¢ = (¢) + O(1/w), where (¢) is a constant, that the correspondence between
General Relativity and the Brans-Dicke theory holds on. Our cosmological
model without the cosmological constant in the Brans-Dicke theory is rather
relevant, in the infinite (discrete) limit of the coupling constant, to the static
Einstein universe including the ad hoc cosmological constant.

Another feature of our cosmological model is that the universe explicitly
expands linearly. This fact is a little peculiar in gravitational phenomena. In
the Einstein universe, the gravitational attractive force balances with the re-
pulsive force by the introduced cosmological constant and thus the universe
becomes static. The similar mechanism might occur to our models. In the
balance between the gravitational force and the virtual cosmological constant
produced by the Brans-Dicke scalar fields, the universe seems to expand uni-
formly because of the degree of freedom due to the time-varying cosmological
constant.

However, it is well-known that the static Einstein universe is unstable to a
perturbation of its radius. The Einstein universe collapses by an infinitesimal
negative perturbation and inversely expands exponentially by an infinitesi-
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mal positive perturbation. Actually, the general solution of the Einstein field
equations with the cosmological constant for the homogeneous and isotropic
universe is the Lemaitre universe. In this short note, we discuss the stability
of the Machian cosmological models for an infinitesimal perturbation of the
expansion parameter in the Brans-Dicke theory of gravitation and the gener-
alized scalar-tensor theory of gravitation.

First let us consider the simplest case and exemplify our method. The
Brans-Dicke theory has a particular closed solution for the homogeneous and
isotropic universe with dust (p = 0) [14]-[16],

ds? = —dt? + a®(t)[dx? + sin® x(d6? + sin® 6dyp?)], (1)
$(t) = —[8/(3 + 2w)c*p(t)t?, (2)

a(t) = [-2/@+w)]"* ¢t, (3)
2mad(t)p(t) = M 4)

for the coupling constant w < —2, where M is the total mass of the universe.
This cosmological model satisfies the identity [14], {15]

a(t)p(t) = D = const, (5)
from which we directly derive the exact Machian relation
G(t)M/cta(t) =, (6)

where the gravitational ”constant” G = (4 + 2w)/(3 + 2w)¢.
The nonvanishing components of the Brans-Dicke field equations for the
Robertson-Walker metric are

i\ 2 .
2ad+d2+1=————87r—22£—1wa2 <9> +ad <?) , (M)

B+ow)t ¢ 2 ¢ ¢
2 .
3, r(l+w)p w ¢
E(G?-}-l) (3+2w) 54"2—(8) ‘|'$) (8)
. Q. 8
¢+ 3545 = mm 9)

where a dot denotes the derivative with respect to ¢, for three unknown func-
tions a(t), #(t), and p(t). The equation (7) explicitly determines the accel-
eration rate of expansion @ of the universe but it is a little complicated. We
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usually adopt the conservation law of the energy-momentum, which is dynam-
ically derived from the field equations themselves, as the independent equation
instead of Eq.(7) and seek the solution Egs.(2)-(4).

In this exact cosmological model, we investigate the behavior of an in-
finitesimal perturbation to the expansion parameter. Let us denote as

a(t) — a(t) + da(t) . (10)

We directly estimate the acceleration rate of the infinitesimal perturbation
by means of Eq.(7) in the framework of the present cosmological model with
the Machian constraint a(t)¢(t) = const. Generally speaking, this particu-
lar model might evolve as a more general cosmological solution, which is un-
known, in the same way that the static Einstein universe generally evolves as
the Lemaitre universe in General Relativity. We may restrict our discussions
toEq.(7) and neglect more general perturbations here. We obtain from the
Machian constraint Eq.(5) .

¢

e (11)
Using the relation derived from the Machian constraint and the conservation
law of energy:

ISIEST

ap M
7 T on2D’ (12)
we derive from Eq.(7)
4M 1
24 = —1 — 1 2
ad 1 BT 2w)nD 2(4 +w)a (13)

Estimating some quantities by the non-perturbed solution, and neglecting
higher orders of perturbation in da, we find as the acceleration rate of the

perturbed term
2063 = —(4 + w)ada, (14)

where 84 and 64 denote d(da)/dt and d(8a)/dt? respectively. In the case that
the coupling constant satisfies 4 + w < 0, if the derivative of the perturbed
term &a > 0, then the second-derivative of the perturbed term i becomes
positive and inversely if §a < 0, then dé@ < 0. This means that the induced
infinitesimal perturbation increases or decreases exponentially like the static
Einstein universe and we consider this cosmological model unstable. In case of
44w > 0,if 6¢ > 0, then 6d < 0, or if §a < 0, then 6é > 0. In these conditions,
the derivative of the perturbed term da rapidly approaches to zero and also
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the second-derivative of the perturbed term éa converges to zero. The induced
infinitesimal perturbation remains constant and the ratio da(¢)/a(t) diminishes
as the universe expands. So we may consider this cosmological model stable.
Thus for the stable Machian cosmological model for dust (p = 0), the coupling
constant is restricted to the range

—d<w<-2. (15)

When the coupling constant w diverges to minus infinity (w — —o0), the
present Machian cosmological model in the Brans-Dicke theory converges to
the static Einstein-like universe by means of redefinition of the initial condition
for its radius (the isolated limit) [17]:

M?=1, kpcla®=4, (16)
and the field equations (7) and (8) reduce to

20 +a® —Xa*+1=0, (17)

% (@*+1)+x= Kkpc? (18)

respectively, where the cosmological constant A = —(w/2)(¢/¢)? and the Ein-
stein’s gravitational constant x = 8 /c*¢. It is confirmed that this reduced
cosmological model is unstable for an infinitesimal perturbation. In general,
the Machjan cosmological model is unstable except the narrow range of the
coupling constant (—4 < w < —2), which is favorable to the Machian point of
view [1], in the above situation.

Next we extend our discussions to the perfect fluid case (p # 0). The
energy conservation gives the equation of continuity

p+3= (p+p/c") =0, (19)
and by considering the barotropic equation of state
p(t) = 1p(t)c, (20)

we obtain directly
p(t)a™(t) = const, (21)

where n = 3(y + 1). The constant parameter -y in the equation of state
is usually restricted to the range 0 < v £ 1/3 for the ordinary state but
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we formally extend to the range —1 < v £ 1/3 (negative pressure) here.
This extension is relevant to unknown matter (dark-energy) suggested by the
observed accelerating expansion of the universe [13]. The correspondent field

equations of the Brans-Dicke theory are written down as follows (5], [8}:

o\ 2 .
8ra’p 1 2
i+ a2 +1= ol g2 <?> + aa (?> —(i——a—(pcz—&n),

o 2 @ ¢ 3+ 2w)ct ¢
(22)
2 .
a2 16m(1+w) p ¢ 247 p
@) - Brade 2 (5) Tt Graas @
“ . [
o+ 3945 Gtaw)d (p—3p/c) , (24)
and the correspondent Machian solution is
8w
00 = 7 goace®r (29)
a(t) = A(w)bt, (26)
where some notations are
¢=1/(¢-2), (27)
3 w
m‘)‘ :—(54—3), (28)
b=(4-€&)2, B=-3/(~4), (29)

with a constraint w/2 + B < 0. The parameter £ defined by £ = 1 — 37 may
be restricted to the range 0 < £ < 2, because of the continuity from the state
¢ =1 (p=0) in the universe. We discard the range 2 < £ < 4 here.

In this‘case, we obtain from Eq.(21)

$(t) o a* (), (30)

instead of Eq.(5) (the special case of n = 3), and thus

¢ a
e @-n).
£=—2-n; (31)
Therefore, the correspondent equation to Eq.(13) becomes
1 + 2wyc?) A?
2ad=—1—(—L%%)—(“’—)—-;—{w(n—z)MM—z}a?. (32)
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Through similar discussions, we obtain the acceleration rate of the perturbed
term

1 .
5&:-{5(5—2)%—“3} S«sa (33)

for the perfect fluid case. We find the Machian cosmological model remains

stable for an infinitesimal perturbation when the coupling constant satisfies

WS>We=E 57" -
CT(E-2)
We find w > —3/2 for £ =0, w > —4 for £ = 1, and w, — —oo when { — 2
respectively. For the closed model of the universe, because of the attractive
gravitational force G > 0, the above Machian cosmological solution requests
another constraint

w< =2, for0L£<1 (35)
or 6
w<£2—_—i,for1<§<2. (36)
The inequality w. < 6/(£2 — 4) always holds for the range 1 < £ < 2, and so
for this range the Machian cosmological model is stable if

we <w < (37)

g4
For the range (3 — v/5)/2 < ¢ < 1 the Machian cosmological model becomes
stable when

we<w< =2, (38)

but it is always unstable for an infinitesimal perturbation in case of 0 < § <
(3 — v/5)/2, because of w, > —2.

Finally we discuss the behavior of the Machian cosmological model in the
generalized scalar-tensor theory of gravitation. We proposed as the possible
variable coupling parameter

Wo
£-2’
where wy is a constant (wp > 3), considering restrictions for the cosmological
evolution in the framework of the Machian point of view(5], [9]. Our universe

started from the Big Bang with ¢ = 0 (the radiation era), passed the dust-
dominated era (¢ = 1) in the early stage, and has been staying the negative

w(e) = (39)
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pressure era (£ = 2) for the almost all period. The barotropic state of the uni-
verse has been varying extremely slowly, and finally the universe will approach
to the state of £ = 2 as it expands for ever. As a result of the barotropic evo-
lution of matter in the universe, the coupling function w(¢) of the Brans-Dicke
scalar field diverges to the minus infinity and the gravitational constant G(t)
dynamically approaches to the constant G .

We can determine whether the Machian universe is stable or not, in com-
parison between the coupling function w(¢) and the critical value w,. For an
arbitrary wy of the range wy > 3, the Machian model maintains stable, if the
barotropic parameter £ satisfies the following condition

2(0)0 - 3)
£> TR (40)
Thus, in the neighborhood of the Big Bang with £ = 0, where the universe does
not satisfy this condition, the Machian cosmological model becomes unstable.
Therefore, it occurs that a finite value of the parameter £, = 2(wo—3)/(wo —2)
exists and the stability of the universe reverses at this point. This situation is a
little unnatural in physical meanings, and rather we consider that the unknown

parameter wy must be 3. In the particular case of wy = 3, the inequality
w(g) > we (41)

identically holds for all £ > 0, and the Machian universe evolves stably for the
all period of time. In compensation for this situation, we need to recognize that
the universe expands from the singular point of the Brans-Dicke scalar field
with the coupling parameter w = —3/2. It is surely a defect that a singularity
appears in the theory. However, let us remind the fact that the Big Bang
itself is singular in the framework of classical theories. We think that it is
remarkable that the unknown parameter wy of the proposed coupling function
w() is consistently determined by means of discussions for the stability of the
Machian cosmological model. In practical, even at the Big Bang, the universe
does not completely consist of photon and so does not exactly start from the
state of £ = 0.

What does it mean that the Machian cosmological model is unstable?
When an infinitesimal perturbation to the expansion parameter of the universe
evolves exponentially, after all, the perturbation destroys the constraint like
a(t)é(t) = D. The Machian constraint leads to the linearity of the expansion
parameter and thus the deviation of this linearity results in the violation of its
constraint. This means that the Machian cosmological model becomes no more
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Machian. The asymptotic form ¢ = O(p/w) of the Barns-Dicke scalar field be-
comes to be destroyed and the Machian relation G(t)M/c%a(t) = const is also
not maintained. Then the cosmological model seems to behave like an exact
general solution of the field equations with the same energy-momentum tensor.
It is trivial that we apply the above discussions to the Lemaitre universe or
the Friedmann universe in General Relativity. Because the Lemaitre universe
and the Friedmann universe are already general solutions of the Einstein’s
field equations for the homogeneous and isotropic universe with or without
the cosmological constant respectively. An infinitesimal perturbation to the
expansion parameter a(t) + da(t) itself again evolves as the general solution,
the Lemaitre universe or the Friedmann universe.
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